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ABSTRACT 

The full cohomology ring of the Lian-Zuckerman type operators (states) in cm < 1 
Neveu-Schwarz-Ramond (NSR) string theory is argued to be generated by three elements 
X, y and w in analogy with the corresponding results in the bosonic case. The ground ring 
generators x and y are non-invertible and belong to the Ramond sector whereas the higher 
ghost number operators are generated by an invertible element w with ghost number one 
less than that of the ground ring generators and belongs to either Neveu-Schwarz (NS) or 
Ramond (R) sector depending on whether we consider (even, even) or (odd, odd) series 
coupled to 2d supergravity. We explicitly construct these operators (states) and illustrate 
our result with an example of pure Liouville supergravity. 
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It is well-known that the structure of the cohomolgy class or the physical state spec¬ 
trum of Cm < 1 string theory becomes signihcantly different because of the presence of 
degenerate Virasoro representation in the matter sector. Although these special states 
also known as discrete states have been first observed in the context of cm = 1 matrix 
model [1,2], their true origin has been discovered in the mathematical analysis of ref. [3] 
in the continuum Liouville approach. For cm = 1 string theory these states have been 
completely classified and the physical consequences of the existence of such states have 
been elaborated in ref. [4-7]. In particular, using the state-operator correspondence the 
short distance limit of operator products of certain spin zero ghost number zero operators 
were found to generate a commutative, associative ring. This so-called “ground ring” 
structure [6] was useful in explaining, among other things, the free fermion description 
of Cm = 1 matrix model. In cm < 1 string theory, however, it was realized in ref. [8,9] 
that one needs an additional invertible element w with ghost number —1 to describe the 
complete physical state spectrum. So, unlike in cm = 1 case, there are physical states at 
an arbitrary ghost number and the ghost number ‘n’ sector of the physical operators is 
given as 77 = 77o where IZq is the ring of ghost number zero operators. Consequently, 
the short distance limit of the operator products of such operators dehnes a ring structure 
in the relative cohomology Hrei = 

In order to have a better understanding of a more realistic string theory, we need to 
know the cohomology structure of cm < 1 NSR string theory. This program has been 
taken in ref. [10-12], but the structure of the complete physical state spectrum for cm < 1 
NSR string has not been reported in the literature. In this paper, in analogy with the 
bosonic case, we hrst argue kinematically that the full spectrum of cm < 1 NSR string 
theory can be generated by two ground ring generators x and y with one more addi¬ 
tional generator w. The ground ring generators are non-invertible and ghost number^ 
— \ operators which belong to the R-sector. We explicitly construct these operators us¬ 
ing Lian-Zuckerman theorem for the supersymmetric case [3,11]. We then note that the 
ground ring contains a subring generated by three elements in NS-sector with an equiv¬ 
alence relation among them. On the other hand the generator w has ghost number one 
less than that of the ground ring generators and is invertible. Although it is easy to write 
w~^ for a general (p, q) model coupled to 2d supergravity, the construction of w becomes 

t There are some subtleties concerning the ghost number of a physical operator which are explained 
later. 
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quite involved since one has to deal with higher level null vectors. But, in general we 
can say that w will appear either in NS-sector or in R-sector depending on whether we 
choose p, q to be even or odd. We, therefore, choose pure Liouville supergravity or (2, 4) 
model coupled to 2d supergravity as an illustrative example and construct w explicitly for 
this model. In this case w belongs to NS-sector. By using picture changing isomorphism 
we then show that w is indeed invertible. Thus we obtain that the physical operators at 
ghost number ‘n’ sector upto a constant shift, is given by 7^ = TZqW~"‘ and therefore, the 
complete cohomology ring structure of cm < 1 NSR string theory coincides with that of 
the bosonic case. 

The supersymmetric minimal models [13-17] coupled to 2d supergravity can be de¬ 
scribed in terms of Coulomb gas representation with the energy-momentum tensor and 
the supercurrent having the form Q, 

rj^M _j_ 

“2 • d4’Md(j)M '■ +iQMd‘^4’M — 2 • t’Md'il’M '■ +{M ^ L) (1) 

-d(j)Mi^M + QM^i^M + {M ^ L) (2) 

Here {'ipM{z),(j)M{z)) and are the iV = 1 matter and Liouville supermul- 

tiplets. 2Qm and 2 Ql are the background charges for matter and Liouville sector. The 
matter and Liouville central charges are |cm = cm = 1 — and |ci = = 1 — SQ\. 

Since the total central charge of the combined matter-Liouville system cm + cl is equal 
to 15, the background charges satisfy 

Qm + Ql = (3) 


T = 

G = 


The matter sector in this case is cm < 1 superminimal models which are characterized by 
Virasoro central charge 


Cm 


2(p - qf 

pq 


(4) 


where p, q G 2Z-I-1 and gcd(p, q) = I orp, q G 2Z withgcd(|, f) = 1 and |(p —g) = odd, 
and so, the background charges of the matter and Liouville sector can be parametrized 


* Since we are working in the free theory with zero cosmological constant we will concentrate only on 
the holomorphic sector. Free boson and fermion propagators are taken as {4){z)4){w)) = — log(z — w) and 

(V'(z)V'M) = 
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using (4) and (3) as, 


Qm — 


Ql 2 




The vertex operators and have conformal weights A{pm) = \pm{pm — ‘^Qm) 

and A(pi) = \pl{.Pl—‘^Ql) respectively. Equating them to we get the screening charges 
of the matter and Liouville sector as follows, 

«± = Pm = ± \Iq‘m + 1 (7) 

/ 5 ± = Pl = Ql± \/Ql + ^ ( 8 ) 

We note from (7) that, q;+ + «_ = 2Qm = Oq, q;+q;_ = —1 and similarly from (8), 
+ P- = Ql = Po, P+ P- = —1- So, comparing with (5) and (6), we find 

q;+ = \ - = —iP+ (9) 

V Q 


«_ = —i 


= ip_ 


+ — [l - (-!)“'■ 


In this notation the matter momenta can be parametrized as C(m,m' = 

^ [(1 — m)a+ + (1 — m')a-] where l<m<g — 1, l<m'<p — 1 and the conformal 

weight of the corresponding vetex operator is given by, 

^ {pm - qm'f - {p - qf , 1 ^ 

A{am,m') = - — - J 

where m — m' & 2Z for NS representation and m — m' & 2Z + 1 for R-representation. 

The irreducible highest weight module of the matter sector is obtained by quotienting 
the Verma module over each primary by its maximum proper submodule. Like in the 
bosonic case, in the supersymmetric case also the submodule is generated by a pair of 
null vectors at level and K?-™-) associated with the primary field. The irreducible 
super-Virasoro module can be represented by the following embedding diagram 

a_i —e_i —a_2 —> e_2 —^ 

eo < X X X X ■■■ (12) 

Oq -> Cl -Oi -62 -^ 

where 

at = -;^\{2pqt + pm + qm'f-{p-qf]+^\l-{-l)'^-^'] 


et = 


1 

"l - (-1)"^-”^'' 

1 

1 

T 

X 

1 
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Each node of the above diagram represents a Verma module with at and et as the dimen¬ 
sion of its highest weight state and are null vectors over cq. An arrow connecting two 
spaces E ^ F means that the module F is contained in module E. It is stated by Lian 
and Zuckerman [3] and also by Bouwknegt, McCarthy and Pilch [11], under the plausible 
assumption that the Felder resolution [18] generalizes to the supercase, that there exists 
a unique physical state of the combined matter, Liouville and ghost system at each of 
these values of at and e* * if and only if the Liouville momenta satisfy the relation 

= I ? I(14) 

I 2 

and the ghost number of the state is given asQ, 

n = T^{PL)d{pL) (15) 

where 7i{pl) = sign [i{pL — Ql)] and d^pi) is the number of arrows from the top node 
Co = A(Q!m,m') to that particular node at or e^. 

In the BRST quantization scheme, the states are taken to be in the space of conformal 
helds such that a physical state is BRST closed and belong to the zero eigenvalue space 
of The nilpotent BRST charge is dehned as. 


Qbrst — j> dz : 

c (t^ + T^ + + 7 (g^ + G^ + : 

(16) 

where T^{z), T^{z), G^{z), G^{z) are as given in Eqs.(l) and (2) and the ghost energy- 
momentum tensor and supercurrent are given asQ, 

j'gh _ 

—2 : bdc : — : dbc : : Pd'y : +^8(3^ : 

( 17 ) 

G9h ^ 

—^dc{3 — cdjd — 

(18) 


Here b{z), c(z) are the diffeomorphism ghosts with conformal weights 2 and —1, whereas 
/3(z), jIz) are the super diffeomorphism ghosts with conformal weights | and —1 respec¬ 
tively. In terms of modes Qbrst can be expanded for NS sector as, 

Qbrst = cqV'q^ + Mho + Qbrst (19) 

Mhe ghost number of a state is defined with the convention that the highest weight ghost vacuum 
has ghost number zero. 

*The basic OPE’s are taken as b{z)c{z) ^ ~ 
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and for R-sector, 



Qbrst — cqL3q^ + 7oGq°* + Mho + 3S/ j3o + Qbrst 

( 20 ) 

where 



r tot 
^0 

= Lq + + J2 n ■ C-nbn : ■ '3-r(3r ■ 

n r 

( 21 ) 

/^tot 

U-Q 

= Gq + G^ “ 7 X! “ 7 X! 7-nbn 

^ n ^ n 

( 22 ) 

M 

^ ^ ) 7—rdr 

n ^ r 

(23) 

N 

A- 3 

n ^ 

(24) 

Qbrst 

= ^ 7-r (G^ + G^'^ + - ^ im-n) 



+ H • C-n7-r/5n+r ' “7 H l-rb-nln+r (25) 

n,r^0 n,r7^0 

In Eqs.(21), (23), and (25), r is half-integral for NS-sector and integral for R-sector. Also, 
in terms of oscillators the super-Virasoro generators are given below, 

tL,M ^ L,M L.M ( I i\/S LM ^ ( I j L,M ! L.M /nr\ 

^ m ^ m ^ 

“ (^ + ^) (27) 

where L, M refer to Liouville and matter sectors respectively. In the space of conformal 
helds a general physical operator takes the form 


O = V (i90m, d(t)L: 'ipM b, c, /3, 7 ) e 


4>M+i0n„l4>L 


(28) 


where, because of the zero eigenvalue of Lq°*, P is a differential polynomial of conformal 
weight - ^Qm) - iPny {Pn,n' - 2(0l)- The Liouville momentum (3n,n' 

is dehned as usual by Pn,n' = | [(1 ~ ^)P+ + (1 ~ ^')P-] with P± as given in ( 8 ). We 
also note the following symmetry properties of the momenta as am,m' = o:m±q,m'±p and 
Pn,n' = Pn±q,n'^p- Finally, adding momenta we get, + an,n' = am+n-i,m'+n'-i and 

/3m,m' R /3n,n' l3m+n—l,m'+n'—l 

With this preparation, we hrst like to comment that the ring structure for the operators 
in the BRST cohomology is quite obvious. Since a physical operator would have to belong 
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to the zero eigenvalue space of Lg°*, it is clear that the short distance limit of two physical 
operators can give non-trivial result only in the regular term. Including the higher ghost 
number operators we, therefore, get a commutative and associative ring structure, 

//S X (29) 

In the above ‘re/’ implies that we concentrate only on the relative cohomology i.e. the 
physical operators would belong to the zero eigenvalue space of Lq"*, bo for NS-sector and 
to the zero eigenvalue space of Gq"*, bo, Po foi’ R-sector. Since the OPE of the vertex 
operators of a free scalar held is given by 

. . . gW(z) . ^ ; g*«'?i(z)+WG) . (-30^ 


we get individual momentum conservation of the matter and Liouville sector under the 
ring multiplication. By making use of this fact and by looking at the possible values of the 
Liouville momenta of physical operators (28) dictated by the Lian-Zuckerman theorem 
(14) we argue that all the physical operators of cm < 1 NSR string theory can be generated 
by three elements in the cohomology. By solving Eq.(14), we indeed note that the allowed 
Liouville momenta can be split into three parts, each part associated with one generator. 


which can be summarized as follows, 

Pl(®— i) P—qt+m,—pt+m' ‘^tPw 4“ {jn \')Px 4“ {jTl l)/3jy (31) 

P‘^tPw 4“ ij) Ul \')Px 4~ (O' Ul l)/3j/ (32) 

pt(,e-t) = P-qt+m-pt-m’ = -{‘2t + l)Pnj + {p - m - l)Px + {m - l)Py (33) 

pti^^t) = P-qt-m-pt+m’ = -{‘2t + l)Pnj + {m - l)Px + {q - m - l)Py (34) 

p^(eo) = P-m,m' = -Pw + {m - l)Px + {q - m - l)Py (35) 

Pi (a-t) = Pqt-m,pt-m' = (2t - 2)/4^ + (p - m' - l)Px + {q-m- l)Py (36) 

Pq{t—l)+m,p{t—l)+m' (2t ‘2'^Pxo 4“ {tTI 1)/3x 4“ {jTl f)/^ 3 / (37) 

Pl{e-t) = Pqt-m,pt+m' = - l)Pw + {m' - l)Px + {q - m - l)Py (38) 

PZ(et) = Pqt+m,pt-m' = - l)Pw + (p - m'- l)Px + (m - l)Py (39) 

PZ(eo) = Pm-m' = -Pw + ip-m'-l)Px + {m-l)Py (40) 

where t G 2’+ and we have dehned 
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( 41 ) 


Py - ^2,1 - -- 
l3w Pf^x Ql^y /^l,p+l l^q+1,1 




We would like to comment that the coefficients of terms in (31-40) is precisely the 
negative of [the ghost number of the operator +^(3 + (—1)™-“”^')] as calculated from 
the Lian-Zuckerman theorem (15). This additional shift in the ghost number by ^(3 + 
(_l)m-m') appears when we convert a state to an operator. To be precise, the ghost 
number of an operator is equal to the ghost number of the state plus |(1 — 

This will become clear later when we describe our convention for the ghost vacuum for NS 
and R-sector. It should be emphasized here that the observation that the coefficients of 
Pw term is related to the ghost number of the operator upto a constant shift is valid only 
if we use the picture changing isomorphism to be discussed later. It is also quite clear 
that a general operator of ghost number n + 1 + |(—)* + |(—)-^ + (—+ |(—)*-^’''^ in 
the cohomology can be written upto BRST-exact terms as, 


0 = w-^x^y^ (42) 

where |(—)* + |(—)'^ + (—+ |(—)*'^’'"^ is the ghost number of the operator x’‘y^ 
upto picture changing isomorphism (see later for explanation). Also i, j are restricted 
as0<i<p — 2, 0<j<g — 2 because we want the matter momenta to he inside the 
Kac-table and n E Z. From (37) we note that the elements x and y will appear at oq in 
the embedding diagram with matter momenta 0 : 1^2 and a 2 ,i respectively. Also, the ghost 
number of x and y is —It is clear from (35) and (40) that w~^ will appear at Cq in 
the embedding diagram with matter and Liouville momenta either (og-i^, j3-q+i^i) for 
Pl > Ql or (q;i p_i, /5i _p+i) for < Ql- Finally, from (38) and (39) we note that w 
will appear either at e_i with matter and Liouville momenta (ag.i^i, Pi^p+i) or at Ci with 
momenta (ai^p-i, Pq+i^i) for pl < Ql- From the above observation, it is clear that since 
m — m' is odd for x and y, they will belong to R-sector, whereas for w, w~^, {m — m!) is 
either p or q. So, for (odd, odd) series they will belong to R-sector and for (even, even) 
series they will belong to NS-sector. 

Before we describe the construction of the ground ring generators, we give below our 
convention for the vacuum in NS and R-sector. The highest weight ghost vacuum state 
[19] for NS-sector has the form 

: c(0)e'^® : |0) (43) 
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and the highest weight ghost vacuum for R-sector is given as, 


: : |0) (44) 

where | 0 ) is the super-SL 2 invariant vacuum and is a bosonic held obtained by 
bosonizing the superdiffeomorphism ghost system asQ, 

(5{z) = : r]{z) : 

7 ( 2 ;) = : d^{z) : (45) 

In our convention ghost number of the states (43) and (44) are zero. In this convention, 
it is clear that there will be a shift of ghost number of |(1 — (—)™-“"*') when we pass from 
state to operator. The conformal weight of (43) is — | as expected, but the conformal 
weight of (44) is — |. An additional | in R-sector comes from the fact that the matter 
and the Liouville sector contains spin helds of weights A each [19]. The vacuum for the 
matter-Liouville sector in this case is degenerate and we denote them as 

|±) = S±(0)|0> (46) 

where 5 '^( 2 ;) are the spin helds with conformal weight |. In our convention 

+ i'ipQ)\+) = 0 and — i'ipQ)\+) = |—). Finally, in R-sector an additional compli¬ 
cation arises because of the fact that the relative cohomology states should be annihilated 
by Gq®*. This can be done either by solving explicitly the following equations, 

Go“*|state) = 0 

Qbrst |state) = 0 (47) 

or by hrst writing down the state in terms of rotated oscillators [ 20 , 11 ] and then solving 

Qbrst| state(rotated oscillators)) = 0 (48) 

where Qbrst is as given in (25) and a rotated oscillator is dehned as 

dm = [Gf\ 0 Omj = Om- 0[G*"*, Omj (49) 

where 0 = + i'ipo)/l(PM - Qm) +i{pL - Ql)] and {Gg"*, 0} = 1 . It is easy to verify 

that the rotated oscillators satisfy the same algebra as the original ones and the states 


*Note that our convention of bosonization is slightly different than the convention used in ref.[19]. 



built out of rotated oscillators are automatically annihilated by Since the ground 

ring generators contain oscillators at level one, by writing down states in terms of rotated 
oscillators and then solving (48) we obtain, 


where 


X = 


y = 


b_i + 2/3_i (Gq + Gq 
b-i + ‘2(3-1 (Gq + G^^ 


K 2 ; hi,, +) 

-#o) \h^v hii, +) 


hi,-, +) 

\h^y, hiy, +) 


. g*«l,2</>M(0)+i/3i,2</>i:,(0) g(/)(0)/2 . |g^ 

. gi«2,l</>M(0)+i/32,l</>i:,(0) ^^g^ g(/>(0)/2 ^+^g^ . |g^ 


(50) 

(51) 


(52) 


In obtaining (50) and (51), we encounter the null vectors at level one for both matter and 
Liouville sectors. They are given as. 


L^r- 


(2 - p/q) 




(2 - q/p) 


Lti- 


Lhi- 


{2 +p/q) 


/^M /^M 
Lt-iLtq 

/ 

1 \hp2, +) 

(53) 

\ 

/^M /^M 
Lt-iO-o 

/ 

1 \h2,i, +) 

(54) 

1 

0 

to 

(55) 

1 

0 

k^2,i; +) 

(56) 


(2 + q/p) 

The ground ring generators written as operators have the following form, 

|^+ g<A/ 2 ^ g 30 / 2 | 


X = 


y = 


p 


^ioi,2 0M+*/3l,2</<L 


+ 2 pc 


1 <I>M +*/32 ,1 <pL 


(57) 

(58) 


From the explicit form of the ground ring generators (57) and (58) it is clear that they 
have ghost numbers — The reason that x and y are non-invertible can be understood 
easily by noticing that there are no operators in the cohomology whose momenta are 
negative of those of x and y. Also in order to show that the powers of x and y give non¬ 
trivial cohomology one can proceed exactly in the similar way as described in ref. [6,7,11] 
through construction of currents which act as derivations on x and y. Finally, we note 
that there is a subring of this ground ring generated by three elements y'^ and xy in 
NS-sector with a restriction that only odd powers of the third element is allowed, since 
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the even powers can be identified with some powers of the product of first two elements. 
The explicit forms of these operators are given below: 


xns — 


Vns = 


1 / 

drjce^^ + - {d4>L — id(j)M) 

^ V ^ 

4:^ q 

dTjce^"^ + (i90i + id(t)M) 

2 V P 




(59) 


1 1 

'dVp 


{'ipL + i'iPm) 


3*03.1</'M+*/33,1</'L 


(60) 


zns — 


hce‘^ + (<901- + *<90^) e'^ + (*^0^ “ *00 m) 

_l_ p/ _l_ 

ia0M) pce^'^ - f “ *00 m) pce^'^ 

—(00L0L - 00m0m) pce^'^ + (0 l + i^Jm) dr]ce^'^ 

pz Y qz pz Y 


dpce‘^<f> 


p2 _|_ q2 


^ia2,2<pM+i/32,2<pL 


(61) 


The generators X]\fs{= x"^), PArs(= and zns{= xy) form a subring of the ground ring 
modulo the equivalence relation xns-Uns — z%g. We would like to point out that the 
ghost numbers of the ground ring generators are —1(3 + (—i.e. —f when they 
are in R-sector and —1 when they are in NS-sector. In fact, we note that xnS) Vns and 
zjsis have ghost numbers —1. But in general, under the ring multiplication they will go 
outside this set. In order to resolve this problem, we need to use the picture changing 
isomorphism [19,21]. The picture changing operator in our convention has the following 
form, 

X = {G^ + G^)e-^ + cy + + ^d{bd^e-^‘f^) (62) 

There also exists an inverse of this picture changing operator in the cohomology denoted 
as Y whose form is given below, 

Y = —Acrfe^'^ (63) 


The ghost numbers of X and Y can be checked to be +1 and —1 respectively. It is also 
easy to verify that upto BRST-exact term X^.Y"’ ~ I. It is well-known that the picture 
changing operation defines an isomorphism in the cohomology [21] even in the relative 
cohomology that we are interested in. So, using these two operators one can change 
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the ghost number of an operator to any convenient value. Upto this isomorphism the 
generators x and y, therefore, dehne a ring relation under the short distance limit of the 
operator products. Also, it is easy to verify that the ghost number of a general element 


of the ground ring has the value |[(—)* + (—)'^] + (—, upto picture 


changing isomorphism, since. 




—1 for i,j = even (NS) 

—1 for i,j = odd (NS) 

— I for i = odd, j = even (R) 

— I for i = even, j = odd (R) 


(64) 


To obtain the rest of the operators we hrst note that since w~^ appears at the top 
node Co of the embedding diagram as discussed earlier it is straightforward to write down 
their form for general {p, q) model. For p, q even, they are given as. 




(65) 

( 66 ) 


and for p, q odd, their forms are 

g+ ^iOLq-l^\4>M+il3-q+l,l'i>L 


(67) 

( 68 ) 


As pointed out earlier in the discussion after Eq.(42), the ghost number —2 operator w 
will appear either at e_i or at Ci of the embedding diagram. In general their forms would 


be when w is in NS-sector, 

W = (69) 

or = (70) 

or when w is in R-sector 

w = 'P((90m, (901,,'j/’vf, V’L) (71) 

or = ^((90^, (901,,'j/'AT,'J/’L, c,/5,(72) 


where P is a differential polynomial of conformal weight (p + q)/^. It can be inferred 
by observing the momenta of the operators w and w~^ in (65-72) that, their product 
is well-dehned if we take w~^ from (65) and w from (70) or w~^ from (66) and w from 
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(69) when they are in NS-sector. Also when they are in R-sector their product will be 
well-dehned when w~^ is taken from (67) and w is taken from (72) or w~^ is taken from 
( 68 ) and w is taken from (71). We note that for general (p, q) models with high values of 
p, q the explicit computation of the operator w gets quite involved. We, therefore, choose 
to work in pure Liouville supergravity for illustration of our results. Since in this case the 
matter central charge vanishes, we set the matter helds to zero. Also, we note that in this 
model i.e. (2, 4) superminimal model coupled to 2d supergravity the operator w belongs 
to NS-sector. By constructing the most general level three oscillator with ghost number 
—2 and then solving QbrstI state) = 0 upto null vectors, we obtain Iw) for this model as. 


|tc) = 


b_2b-i - 2/32 3 + ll3_zb_^G\ - ll3_,b_^G\ + ^l3_ib_2G\ 

252 252 252 2 

+3/3!.T_j - 5/3 _i/3_,L^i + 

22^22 02 


ce'^e'^'^^lO) (73) 


In deriving this result we made use of the null vectors at level 2 and | which are given 
below. 


(L‘j-2G^G^+i(L‘,)'")|-5) (74) 

(g^ + + iGV(Lq)'") I - |) (75) 

being the conformal weight of the state Expressing w as an operator we 


hnd. 


w = 




be'^ -I- — (2bctljLV + i^idr] + + 2(9'?/'lP + 23/2(901,■j/’lp) 


— (-d^rjTjc H- d‘^rjdrjc + bd'^rjrjcdcf) H- drjrjc{d(f)) 

\3 6 2 

4^2 ^2 a, , 8^2 

5 

^ \ n 

^V24>l 


9 

-( 

2 


— -drjiqcd'^cj) H— '^d‘^'qr]cd(j)L + ^ ^ driricd(j)d(j)L H— dr]r]c{d(j)Lf 

5 5 


11 6 '\ 

- dr]r]cd‘^4>L - drjrjcd'ijjL'il’L 

10 5 / 


(76) 


In order to show that the operator w is invertible i.e. w.w ^ ~ / upto BRST-exact terms, 
we hrst note that w~^ for (2, 4) model coupled to 2d supergravity has the following form. 




(77) 


It is quite clear from Eq.(76) that w~^ is not in the right “picture” since it has ghost 
number zero. By making use of the picture changing isomorphism mentioned earlier, we 
convert w~^ to the compatible picture as given below: 
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X.X.w-^ = 


i -:^^d‘^c + d‘^(f)LC — d(j)Ld(f)c-\ —^(9^ 0c 


2^2 \2^ 

i ( 1 


2^2 


2^2 


((90)^c I e 


-^d (t)L'tpLdi + 


2^2 12^2 


^^d(j)Ld'ipLd^ + -<9Vl'9^ + 


-30l(90<9^^ - - 01 ,(9^0.9^ + %l)L{d(t)fdi) e 


■- (-d%d^^d^ + -dbd^^d^ + - dbd^^d^dcj) 

4 V4 8 6 


~bd^^d^d(j) - ^bd^^d^d‘^(j) + bd‘^^d^{d(t)f ) e 


^—\/24il 


(78) 


It is now straightforward to check that w.{X.X.w~^) ~ ^9. Thus, by redehning w as 
we get w.{X.X.w~^) ~ / as expected. So, for pure Liouville supergravity model we 
indeed hud that the operator w is invertible. It is therefore, clear that a general physical 
operator for this model can be written as w~'^x''y\ with 0 <i<p — 1 , 0<j<g — 1 
and n & Z. As a final comment, we like to mention that w has ghost number —2 and 
so, under the ring multiplication the ghost number of the powers of w will increase by 
even number, but that will be inconsistent with the Lian-Zuckerman theorem (15). So, 
in order to be consistent one again has to use the picture changing isomorphism [ 21 ]. 

To conclude, we have argued kinematically that the complete cohomology ring of the 
Lian-Zuckerman type operators for cm < 1 NSR string theory is generated by two ground 
ring generators alongwith an additional generator. By making use of the Lian-Zuckerman 
theorem in supersymmetric case we have explicitly constructed the ground ring generators 
which have ghost numbers — | and belong to R-sector. We have also noted that, there is a 
subring of this ground ring generated by three elements in NS-sector with an equivalence 
relation amomg them. The additional generator has ghost number one less than that 
of the ground ring generators and is invertible. So, it generates all the higher ghost 
number operators. This generator belongs to either in NS-sector or in R-sector depending 
on whether we consider (even, even) or (odd, odd) series coupled to 2d supergravity. 
We have noted that in general, the construction of this operator is quite involved since 
one has to deal with higher level null vectors. So, we chose ( 2 , 4) model coupled to 
2d supergravity for illustration and constructed this operator. We have shown by using 
picture changing isomorphism that it is indeed invertible and therefore, generates all the 
higher ghost number operators. It would be nice to construct a general proof for the 
invertibility of the additional generator as argued for the bosonic case in ref. [ 8 ]. We have 
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not been able to provide any because there is no explicit supersymmetric generalization of 
Felder’s construction. It would also be interesting to explore the symmetry algebra that 
underlies Cm < 1 NSR string theory through the construction of symmetry charges both 
for the open as well as for the closed string cases. 
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